By returning to the underlying discrete time formalism, we relate spurious results in coherent state semiclassical path integral calculations to the high frequency structure of their propagators. We show how to modify the standard expressions for thermodynamic quantities to yield correct results. These expressions are relevant to a broad range of physical problems, from the thermodynamics of Bose lattice gases to the dynamics of spin systems.
Here, we analyze the structure of such path integrals, demonstrating a practical scheme for eliminating anomalies which were first confronted in the 1980s [14] [15] [16] [17] [18] [19] [20] [21] . The issues we address were most clearly described by Wilson and Galitski [22] , who used two simple examples to illustrate the anomalies. The particular problems described in their paper arise in the continuous-time formulation of the path integral, and we seek to correct them by returning to the discrete-time formalism. To do so, we must restrict ourselves to the semiclassical path integral, expanding the action in quadratic quantum fluctuations around a classical path. Braun and Garg [23, 24] calculated the exact propagator for the discrete semiclassical path integral for the particular case of the harmonic oscillator coherent state. We perform a closely related expansion which allows for the use of a more general basis. We also present our results as a correction to the commonly used continuous-time result, providing systematics corrections to previously calculations.
One example considered in [22] is a path integral calculation of the partition function Z ′ ss of the single site Bose Hubbard model,Ĥ ss = U 2n (n − 1) − µn, wheren =â †â represents the number of Bosons, U parameterizes their interaction and µ is the chemical potential. This is a sufficiently simple problem that one can calculate the exact partition function Z ss , and find Z ss = Z ′ ss . In particular, at zero temperature, the mean occupation number calculated from Z ′ ss is n ′ = µ U , which the exact result derived from Z ss is n = We derive an algorithm for correcting the path integral result for the free energy
Here F CP I is the free energy obtained from the continuous-time path integral (CPI) while the matri-
are composed of perturbation field propagators in frequency space for a discrete-time and CPI calculation, respectively. We precisely define all these terms below as we derive Eq. (1) and discuss techniques for calculating the correction terms.
As emphasized by Wilson and Galitski, our corrections are not related to ambiguities of operator ordering or geometric phases. Rather, they arise from the overcompleteness of coherent states.
The formulation of partition function as a path integral in imaginary time involves the expansion
Here β = 1/T is the inverse temperature. {|Ψ t } is any complete basis of the states, characterized by a set of parameters Ψ t , e.g. Ψ t = n, ϕ so thatâ n, ϕ = √ ne iϕ n, ϕ in the coherent state basis of the BoseHubbard model. The sum Ψt |Ψ t Ψ t | = I is the identity operator, of which we insert N t − 1 ≡ β/∆t − 1 copies into the operator. We are now summing over all N t -point paths in Ψ-space, with Ψ 0 = Ψ Nt . In the limit of small ∆t one can approximate e −Ĥ∆t ≈ 1 −Ĥ∆t and thus write the partition function in the form of a discrete time path integral Z = DΨ e − t Lt , where the Lagrangian is
When the basis {|Ψ } is orthogonal, the first term in this expansion can be taken to be arbitrarily small, and one can approximate |Ψ t+1 ≈ (1 + ∆t∂ t ) |Ψ t , and by taking ∆t → 0 convert the problem into the traditional CPI form [9] . This approximation breaks down when expanding in an overcomplete basis, if the overlap between consecutive time steps remains finite for states that differ to a non-infinitesimal degree.
As was previously noted [17] , even in the face of this problem, the discrete time formulation in Eq. (3) remains valid. Our task is to develop a techniques for calculations using the discrete time path integrals, and to relate them to the more familiar continuous case. In particular we wish to find a correction of the form Eq. (1).
To do so we follow standard procedure [25] 
where the classical energy L 0 and matrices L 2 , L 2∆ are independent of time. This saddle point approximation becomes exact as the number of local degrees of freedom become large. For example, in the Bose Hubbard Model, it is the leading correction in a 1/n expansion, where n is the average number of particles per site. Similarly, in a spin system, the total spin S plays the role of n. In terms of the Fourier components ψ ω = 1 √ Nt t e −iωt ψ t , the partition function reads
where summation is over the frequencies ω n = 2π β n for n = − Nt−1 2
. . .
Nt−1
2 , yielding the free energy
This compares with the free energy given by the continuous-time formalism,
is the CPI fluctuation matrix. As we take ∆t → 0, generically we expect the classical free energy to converge to the continuous result F 0 → F
CP I 0
, and the sum
The difference in energies is given then by
We can replace this sum with a contour integral, using the identity
Here the last sum is over the poles ω f of f (ω) inside the contour γ, and γ is the complex circle defined by |ω| = In the present case the last term of Eq. (7) 
Once the residue term is eliminated, we are left with the contour integral. This integral involves fluctuations of frequency ω max = π ∆t , corresponding to the time scale separating consecutive time steps. When the basis |Ψ t is orthogonal these fluctuations are vanishingly small, but for an overcomplete basis they are finite, and the contour integral does not vanish. Straightforward algebra then reduces Eqs. (6) and (7) to the expression in Eq. (1) .
A clear example of this calculation is provided by the single-site Bose-Hubbard Hamiltonian. Using the coherent state basis and the field ψ t = δn t , φ t , the components of the quadratic Lagrangian are
This compares with the CPI result detḠ up to an irrelevant constant. The power of this approach is more readily apparent in the multisite Bose Hubbard model [26] . Consider a Ddimensional cubic lattice of N s sites with lattice constant a 0 . There momentum is a good quantum number and one can consider G ω,k . The large ω structure takes on the simple form
where
By performing the contour integral one finds simply,
plus a constant. This is the same µ dependence as the single-site problem.
For completeness sake, we present the second system explored by Wilson and Galitski in [22] . We examine the HamiltonianĤ =Ŝ 2 z for a spin S system. The difference in free energies between the exactly-calculated and the CPI results is given, at T → 0, by ∆F = − . Our finite time-step correction accounts for most of the discrepancy, while the remaining O (S) 0 term arises from the semiclassical approximation.
